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   The holy grail of pulsar astronomy

Pulsar companions

‣ main sequence star

‣ planet 

‣ white dwarf

‣ neutron star

Still missing

skatelescope.org

Clean system to measure the properties of a BH and 
provide more accurate and qualitatively new gravity tests 
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   Black holes in Einstein's gravity theory

Uniqueness theorem for black holes   [ Israel, Carter, Hawking, Robinson ]

All stationary, asymptotically flat vacuum black hole space-times (with non-degenerate horizon) 
are parametrized by the Kerr metric. 

Cosmic censorship conjecture   [ Penrose 1969 ]

In the space-time 
geometry outside a black 
hole any deviations from 
Kerr get completely 
radiated away by 
gravitational waves (in 
part off to infinity, in part 
down the black hole) “A black hole has no hair”  

[ J. A. Wheeler ]
TPI Uni Jena

Price's theorem   [ Price 1972 ]

Singularities need to be hidden from an observer at infinity by the event horizon of a black hole.

For a Kerr black hole this means: � ⌘ c
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   The spin of a black hole
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Far field: Coriolis type forceNear field

Lense-Thirring precession
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   The quadrupole moment of a black hole

No-hair theorem ⇒ all the higher multipole moments of the gravitational 
field of a Kerr black hole are uniquely related to M and S = aM  (a = χM):

         Ml + iSl = M(ia)l , l = 2,3,4,…

Quadrupole moment Q = M2:

χ = 1

[ Smarr 1973 ]

[ Geroch 1970; Hansen 1974 ]

q ⌘ c4

G2

Q
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A fast rotating BH is considerably flatter than a pancake:



   Pulsar-black hole systems

What to expect?

‣ Two supernovae in a massive binary system   
 → BH + young pulsar, wide eccentric orbit
 → BH + MSP

‣ Formation in a triple system (BH + LMXB, ejection of WD)
 → BH + MSP

‣ Formation in a globular cluster or he central parsec of the Galaxy 
via 3-body encounter 

 → BH + MSP

‣ Pulsar in orbit around Sgr A*   
 → BH + young pulsar, MSP



A pulsar in orbit with a
stellar-mass black hole
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   Mass measurement

Mass measurement from two post-Keplerian (PK) parameters

Example: 
Pulsar: Recycled pulsar in a low-eccentricity (e = 0.1) orbit around a 10 M⊙ BH, i = 60°
Timing: 100-m telescope, weekly 20 TOAs (1 µs), for 5 years
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Figure 2. Simulated fractional measurement errors of PK pa-
rameters as a function of Pb for lowly eccentric (e=0.1) PSR-SBH
systems. The other system parameters are the same as in Fig. 1.
The timing observation is assumed to be weekly 4 hour with a
100-m dish for five years (top plot) and the SKA for three years
(bottom plot). Again, we assume a non-spinning black hole.

pulsar is more likely to be recycled. We assume weekly 4-hr
observation with baseline of both 5 yr by a 100-m dish (upper
plot) and 3 yr by the SKA (lower plot). It is shown that with
the sensitivity of a current 100-m dish in five years’ time the
massed is likely to be measured with precision better than
1%. The measurement precision is expected to be improved
by a factor of 1 ° 2 order of magnitude if the SKA is used
for even two years less.

In any of the cases, the periastron advance is well mea-
sured but as mentioned in Section 3.1.1, is clean for mass
measurements only when the black hole is not significantly
spinning. As to the other PK parameters, for shorter orbital
period the Einstein delay and the orbital decay are better
estimated while in wider orbits the Shapiro delay measure-
ments would be more useful in mass determination.

3.2 Frame dragging, spin measurement and
cosmic censorship conjecture

In a binary system, additional to the orbital precession in-
duced by monople, the spin of the masses will drag the space-
time in the vicinity and cause an extra precession to the
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Figure 3. Reference frame based on the invariable plane perpen-
dicular to the system total angular momentum ~

J . The line of sight
vector ~

K0 is fixed to the Y-Z plane, while the orbital momentum
~

L is supposed to process around ~

J . The definition of angle µS , iJ ,
© and ™ will present a full description of the orbital geometry.
The corresponding defined ranges are: µS , µJ , iJ , i 2 [0, º) and
©, ™, ! 2 [0, 2º).

orbit (Lense & Thirring 1918; Wex 1995). It was pointed
out in Wex & Kopeikin (1999) that in a PSR-BH system,
the precession can be modelled via pulsar timing and used
to determine the black hole spin. In this subsection we will
present a brief description of this eÆect and based on mock
data simulations, prospect the measurability of the black
hole spin and test of the cosmic censorship conjecture with
the NGRTs.

3.2.1 Orbital precession and consequence on timing

The precession due to frame-dragging can be best described
in a coordinate based on the invariant plane perpendicular
to the total angular momentum ~

J , as shown in Fig. 3. In
general, ~

J can be considered as a conservative quantity and
both the orbital and BH rotational angular momentum, ~

L

and ~

S, are supposed to precess around ~

J . Their absolute val-
ues are also conserved averaged over a whole orbital period.
Following Barker & O’Connell (1975) one finds the averaged
frame-dragging precession rate over the whole orbit in the
form of

©̇s = ≠§s
sin µS

sin µJ
, (14)

™̇s = °≠§s (2 cos µS + sin µS cot µJ), (15)

where

≠§s =
¬ TØ

2(1° e

2)3/2

µ
2º

Pb

∂2
mc(3mp + 4mc)

M

, (16)

M = mp + mc. (17)

The linear-in-time secular changes in © and ™ induce non-
linear-in-time evolution in two timing parameters, the longi-

c∞ 0000 RAS, MNRAS 000, 000–000

[ Liu et al., in prep.]



Spin measurement from first and second time derivatives of x and ω

Simulations for 10 and 30 M⊙ BH with χ = 0.2 and 0.9: 
Pulsar: Recycled pulsar in an eccentric orbit
Timing: FAST/SKA, weekly 20 TOAs (100/20 ns), for 5 years

! = !0 + (!̇PN + !̇LT)(T � T0) +
1
2 !̈LT(T � T0)

2 + . . .

x = x0 + ẋLT(T � T0) +
1
2 ẍLT(T � T0)

2 + . . .

SKA, e = 0.1FAST, e = 0.8
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   Spin measurement

[ Liu et al., in prep.]
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Figure 4. Simulated fractional measurement errors of black hole
spin as a function of orbital period for highly eccentric (e=0.8)
PSR-SBH systems. The weekly observational scheme and the
other system parameters (apart from the black hole mass and
spin) are the same as in Fig. 1. In the top and middle plot we use
observation of 10 yr on a slow pulsar, and show the measurement
precision of secular change in orbital projected semi-major axis
and black hole spin, respectively. The bottom plot shows the spin
measurement by timing a MSP with the SKA sensitivity for 5 yr.
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Figure 5. Simulated fractional measurement errors of black hole
spin as a function of orbital period for lowly eccentric (e=0.1)
PSR-SBH systems. The weekly observational scheme and the
other system parameters (apart from the black hole mass and
spin) are the same as in Fig. 2, while we use timing baseline of
10 yr for a 100-m dish sensitivity in the top plot and 5 yr for the
SKA sensitivity in the bottom plot.

be modelled in pulsar timing and used to determined the
black hole quadrupole moment.

3.3.1 Orbital oscillation and extraction of quadrupole

The influence of the black hole quadrupole on pulsar’s mo-
tion leads to a variation in the Römer delay, which can be
described by a change in the coordinate position of the pul-
sar according to

r0 = (r + ±r

(q))(n̂ + ±n̂(q)) . (30)

The ±-quantities can be derived by following Garfinkel
(1958) and Garfinkel (1959), with slight modifications that
account for the dominating precession of the periastron
caused by the mass monopole as in Liu et al. (2012). The
variation scale is proportional to a small unitless quan-
tity ≤ which is linked to the black hole quadrupole Q by:
≤ ¥ °3Q/a

2(1 ° e

2)2 (Garfinkel 1958; Thorne et al. 1986).
Here a is the orbital semi-major axis. The full expression of
Römer delay can then be expanded with respect to ≤ as:

4R = 40
R + ±4R +O(≤2), (31)

c∞ 0000 RAS, MNRAS 000, 000–000
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[ Wex & Kopeikin 1999 ]
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   Quadrupole measurement

[ Liu et al., in prep.]

8 Liu et al.
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Figure 6. Measurability of quadrupole as function of orbital ec-
centricity for 10Myr lifetime PSR-SBH systems with a 30 MØ
black hole and diÆerent spin inclination angles µS . Here we vary
the eccentricity from 0.5 to 0.9 which corresponds to an orbital
period range of 0.16 and 0.88 day. The other system parameters
are the same as in Fig. 1.

where ±4R is of order ≤. Based on this approximation a tim-
ing model has been developed that includes the contribution
of the black hole quadrupole to first order in ≤ (Liu 2012).

3.3.2 Simulations

As shown in Wex & Kopeikin (1999), in a PSR-SBH system
measurement of the black hole quadrupole moment may not
be possible since the amplitude of the quadrupolar signal in
one orbital period is only of order 1 ª 10 ns even for a highly
relativistic system (e.g., Pb ª 0.1 day, e=0.9). Nevertheless,
due to the precession of the orbit the quadrupolar feature
will evolve on timescales of years, which can increase the
chance to detection of the signal. To investigate the circum-
stances where measurement of the black hole quadrupole
moment may become true, in the following simulations we
all assume weekly 4 hr timing observation for 20 yr of a MSP
with the SKA sensitivity. Following the description in Sec-
tion 3.3.1, we extended our calculation of TOAs and the
timing model used in Section 3.2.2 to account for the peri-
odic eÆects due to the black hole quadrupole moment.

As indicated in Wex (1998) and Wex & Kopeikin (1999),
in highly eccentric orbits the quadrupole moment results in
strong and sharp features in timing residuals near the orbital
periastron. The existence of such features would benefit the
measurement of quadrupole moment, as shown in Fig. 6.
Here we assume systems of a 30 MØ black hole, binary merg-
ing time of 10 Myr, and three diÆerent spin inclinations with
respect to line of sight. Clearly, the quadrupole moment is
measurable only for systems of high eccentricity (e & 0.8)
and favorable geometry (e.g., 20± < µS < 70±).

The mass of the SBH is usually found to be within the
range of 5 ª 30 MØ (Zió√lkowski 2008; Silverman & Filip-
penko 2008). Meanwhile, latest studies showed that stars
with very low metallicity can form stellar-mass black holes
with mass up to 80 MØ from direct collapse (Belczynski et al.
2010). Those high-mass stellar mass black holes are more
likely to be found in globular clusters, very metal-poor envi-
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Figure 7. Measurability of the quadrupole moment as function
of BH mass for a 10Myr lifetime and mildly eccentric (e = 0.5)
PSR-SBH, with diÆerent spin inclination angles µS . Note that
the corresponding range of Pb is from 0.16 days (left) to 0.21 days
(right). The other system parameters are the same as in Fig. 1.

ronments with high stellar density where frequent dynamic
captures and 3-body interactions may allow formation of a
MSP-SBH system. Note that the quadrupolar field is pro-
portional to m

3
BH, PSR-SBH systems with a high-mass black

hole would certainly benefit the measurement of quadrupole
moment. Consequently, when performing simulations shown
in Fig. 7, while using e = 0.5, Tmerg = 10Myr and three
diÆerent spin inclinations we extend the parameter space of
mBH to 80, the upper bound given by the current formation
studies (Belczynski et al. 2010). The results show that for
mBH > 70 the measurement is likely for systems of favorable
geometry (e.g., 20± < µS < 70±).

4 CONSTRAINING TENSOR-SCALAR
THEORY OF GRAVITY

The test of GR’s cosmic censorship conjecture and no-hair
theorem with a PSR-SBH system will also provide tight con-
strain on alternative gravitational theories that do not have
Kerr solutions for outer spacetime of astrophysical black
holes. For theories of gravity that degenerate with GR in
spacetime but deviate in other aspects a PSR-SBH system
would still be an eÆective test bed, especially with the ob-
servational sensitivity allowed by the NGRTs. In this sec-
tion, as a demonstration we will investigate the potential
of such timing experiments in constraining generic tensor–
scalar gravitational theories.

In Einstein’s General Relativity gravity is fully de-
scribed by a tensor field g

§
µ∫ , while in tensor–scalar theories

it is also mediated by a scalar field ¡. Under this circum-
stance, the measured spacetime metric egµ∫ in laboratories
is a coupling consequence of these two field, in the form of
egµ∫ = A

2(¡)g§µ∫ where A(¡) is an arbitrarily given function.
In general cases, the strength of the coupling of ¡ to matter
is given by (Damour & Esposito-Farese 1993, 1996)

Æ(¡) ¥ @ ln A(¡)
@¡

, (32)

where following Damour & Esposito-Farèse (1998), a generic

c∞ 0000 RAS, MNRAS 000, 000–000

Eccentricity:  0.5

Merger time:  10 Myr
SKA, weekly 20 TOAs (20 ns), for 20 years



A pulsar orbiting Sgr A*



      Probing Sgr A* with astrometry

� = 0.2 . . . 0.99

(4.3± 0.2(stat) ± 0.3(sys))⇥ 106 M�

Supermassive black hole Sgr A*
Mass:

Spin:

 [ Genzel et al. 2003, 2008; Aschenbach et al. 2004;
    Belanger et al. 2006; Aschenbach 2010 ]

Near future (e.g. GRAVITY): 

Infrared astrometry at the 10 µas level possible 
(10 µas  à ~107 km)

Gravity test with 2 stars 
much closer to Sgr A*
Pb ~ 0.1 yr, e ~ 0.9 
(not yet discovered)

[ Will 2008 ]

 [ Gillesen et al. 2008 ]



   Pulsars in the Galactic center region

20 pc 
[ Johnston et al. 2006, Deneva et al. 2009 ] 



   Timing a pulsar at the Galactic center

The Astrophysical Journal, 747:1 (11pp), 2012 March 1 Liu et al.
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Figure 1. Predicted TOA measurement precision of a young pulsar near the GC
for two different spectral indices !. The curves take into account pulse phase
jitter intrinsic to the pulsar, pulse broadening from scattering along the entire
line of sight, and from the finite number of scintles included in the measurement.
Scattering is dominated by a region of high plasma density that surrounds the
GC. We assumed a 4 hr integration time using a 100 m radio telescope and a
1 hr integration time using an SKA-like telescope, both with a highest operating
frequency of 30 GHz and a bandwidth of 1 GHz. It is found that observational
frequencies above 15 GHz favor pulsar timing observation, where 100 µs TOA
precision seems achievable, in particular with the SKA. The parameters used
for these calculations can be found in the text.
(A color version of this figure is available in the online journal.)

dependence of scattering on frequency (! f "4; see the next
paragraph) implies that observations need to be made at much
higher frequencies than are typically used for pulsar timing.

There have been previous studies on optimizing the observa-
tional frequency for the purpose of pulsar searches toward the
central parsec region (Cordes & Lazio 1997; Macquart et al.
2010). Figure 1 shows the estimated timing precision for a
canonical pulsar near Sgr A* as a function of the observing
frequency. The calculation of the achievable TOA uncertainty
"TOA accounts for three contributions:

" 2
TOA = " 2

rn + " 2
J + " 2

scint . (4)

Here "rn, "J , and "scint represent the uncertainties contributed by
radiometer noise, pulse phase jitter, and interstellar scintillation,
respectively, which can be calculated by following, e.g., Cordes
& Shannon (2010). Specifically, we use a spin period P = 0.5 s,
an intrinsic pulse width Wi = 10 ms, and a period-averaged
flux density S1400 = 1 mJy at 1.4 GHz. For a 100 m diameter
dish and the Square Kilometre Array (SKA), we use a gain
of 2 K Jy"1, 100 K Jy"1, and an integration time of 4 hr and
1 hr, respectively. Two different spectral indices of the pulsar
flux density, which typify many of these measured for pulsars
(Maron et al. 2000), are used in our calculations. The scattering
timescale is estimated to be #scat # 2.3 $ 106 ms at 1 GHz, as
derived from the observed scattering diameter of Sgr A* and the
estimated location of the scattering material along the line of
sight, the latter as incorporated in the NE2001 model ($ = b = 0
and D = 8.5 kpc; Cordes & Lazio 2002). For this large amount
of scattering, we use a scaling of #scat ! f "4 (e.g., Löhmer
et al. 2001) rather than the often used Kolmogorov scaling
#scat ! f "4.4 (e.g., Rickett 1990), because the dominant length
scale is less than the inner scale of the wavenumber spectrum
for the electron density. Note that all potential pulsars with close
orbits of interest for the GR tests will be seen along essentially
the same line of sight as Sgr A*, so one can assume that their
lines of sight will have the same scattering characteristics. The
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Figure 2. Timescales of secular orbital precession for a pulsar in orbit around
Sgr A* as a function of orbital period Pb (semimajor axis a). The letters M, S,
Q, and P stand for the contribution by the mass monopole (pericenter advance),
the spin (frame dragging), the quadrupole moment, and the stellar perturbation,
respectively. Here we assume an orbital eccentricity of 0.5 and 103 objects of
one solar mass within 1 mpc around Sgr A*. As a comparison, the Schwarzschild
radius of Sgr A* is %4 $ 10"4 mpc.
(A color version of this figure is available in the online journal.)

system temperature (e.g., & 40 K at 15 GHz) is calculated
by summing the radio background, receiver temperature, and
emission of the atmosphere. It clearly follows from Figure 1
that with a radio telescope like SKA TOA uncertainties of
below 100 µs seem likely for an observational frequency above
15 GHz, similar to the result of optimized searching frequency.
A detection of millisecond pulsars (MSPs) in the Galactic center
is unlikely (Cordes & Lazio 1997; Macquart et al. 2010), so they
are not considered in the following simulations. However, we
will show that the black hole properties can already be extracted
by finding and timing a relatively slow pulsar. If an MSP were to
be found after all, the experiment may reach a correspondingly
higher precision.

Precision of long-term timing of a young pulsar is often
limited by irregularities of the pulsar’s rotation, supposedly
associated with either the internal superfluid flux (e.g., Melatos
& Warszawski 2009), or external magnetic field activity (e.g.,
Lyne et al. 2010). The amplitude of the low-frequency noise
resulting from these instabilities varies from about 10 µs to
100 ms (Hobbs et al. 2010), and in some cases the noise can
be modeled by following the approach proposed by Lyne et al.
(2010) to improve the timing precision by orders of magnitude.
Consequently, a TOA precision of 100 µs is a reasonable fiducial
value which we will use in our simulations below.

Although the purpose of this paper is to discuss potential grav-
ity tests with a pulsar in orbit around Sgr A*, provided the system
is found to be sufficiently clean, we nevertheless would like to
complete this section with a brief discussion on possible effects
that could complicate or even spoil these tests. Merritt et al.
(2010) and Sadeghian & Will (2011) have shown that for orbits
with an orbital period Pb larger than 0.1 yr, it becomes likely
that the distribution of stars in the vicinity causes “external”
perturbations of the orbital motion of the pulsar and prevents a
clean test of the no-hair theorem or even a measurement of the
Lense–Thirring effect. In order to evaluate the significance of
the perturbation, following the analysis of Merritt et al. (2010),
in Figure 2 the relation of precessional timescale against orbital

3

[ Liu et al. 2012 ]

626 O. Löhmer et al.: Pulsar observations at 9 millimetres

Fig. 1. Time-aligned profiles of the three PSRs B0144+59, B0823+26 and B2022+50 at centre frequencies of 4.85, 8.35 and 32 GHz.
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Fig. 2. Resulting flux density spectra for PSRs B0144+59, B0823+26, and B2022+50. Low-frequency data have been taken from available litera-
ture (see text). The dashed line shows the model fit with parameters listed in Table 2.

have fixed algebraic relationships, and only two of them should
su!ce to describe any spectrum. Malofeev et al. (1994) showed,
however, that the model parameters were not constrained by the
already available data; hence, one may well ask oneself if that is
the simplest possible description of a pulsar spectrum.

Do we know of other natural processes, involving flow-
ing charges, that produce spectra of the observed form? Indeed
we do, solid-state currents in everyday materials exhibit a non-
thermal low frequency noise, often called “flicker noise”, “1/f-
noise” or simply lf-noise. The spectrum is very similar to a pul-
sar spectrum, but at frequencies lower by a factor of 107–108.
That in itself is not surprising, as the conditions on the pulsar
surface and in the magnetosphere are also many orders of mag-
nitude di"erent from our experience with everyday materials.
People had already been studying that kind of noise in solids and
on surface boundaries in the 1950’s (Pfeifer 1959; Bess 1953).
It is indeed surprising how far one can get using this very simple
one-parameter theory.

We already know from observations that pulsar radio emis-
sion varies on very short timescales. Very high-resolution ob-
servations of giant radio pulses have so far not found a shortest
timescale for the emission, although they have reached nanosec-
ond to sub nanosecond resolution (Hankins et al. 2003; Jessner
et al. 2005; Eilek & Hankins 2006) for the Crab pulsar. Eilek &
Hankins (2006) report an apparent increase in micro-burst dura-
tion !!"2, nano-shots with "t < 1 ns, and they infer that each
giant pulse is a coherent superposition of a number of powerful

nano-pulses. Based on these theoretical studies and on the ob-
servational evidence, we assume that all pulsar radio emission
is a superposition of short-lived (# # ns) elementary emission
processes. The observed shape of the spectrum may then be
used to provide constraints on the timescales of the elementary
processes.

A shot noise model for the emission due to short-lived non-
Gaussian elementary processes in ordinary pulsars has been pro-
posed by Jenet et al. (2001). However, in this study we use a dif-
ferent elementary process, one that has been commonly used to
model flicker noise in solids and vacuum discharges, and evalu-
ate the expected observable broad band radio spectrum.

Let us assume that we have a stochastic formation of radio
emission centres that are characterised by a localised potential#
with a lifetime (observer system) of i.e. #e # 10"10 s, very similar
to the nano pulses proposed i.e. by Weatherall (1998) and also
evident in the PIC-simulations of Jaroschek & Lesch (2006). The
decay of the electric potential of a nano-pulse may be described
by #(t) = #0 · e"t/#e with (t > 0). A random superposition of
short pulses has the simple spectrum

S ($) =
S 0

1 + $2#2
e
, (2)

and most of the observed pulsar spectra fit extremely well within
a reasonable range of #e. The model spectrum depends only the
reference flux and a characteristic time #e for the nano-burst de-
cay time. Figure 3 shows the fit to the spectrum of B2021+51,
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contains two separately measurable PK parameters, the mass
of the black hole MBH and sin i. The signal is usually only
sufficiently strong for edge-on systems (e.g., Kramer et al.
2006), but in our case even for a face-on orbit (i = 0) the
effect will be significant due to the large mass of Sgr A*, if the
orbit is eccentric. Using the equation of Blandford & Teukolsky
(1976)

!S ! 2GMBH

c3
ln

!
1 + e cos !

1 " sin i sin(" + !)

"

! (39.4 s)
!

MBH

4 # 106 M$

"
ln

!
1 + e cos !

1 " sin i sin(" + !)

"

(7)

as a first-order estimation, one can see that for an eccentricity
of 0.5 the Shapiro delay for i = 0 amounts to about 40 s. This
already indicates that the Shapiro delay allows a precise mass
determination, even for a pulsar with poor timing precision.
Apart from containing MBH directly, the Shapiro delay gives a
second, though indirect, access to the Sgr A* mass via sin i and
the mass function. One finds

GMBH !
# cx

sin i

$3
!

2#

Pb

"2

, (8)

where x is the projected semimajor axis of the pulsar orbit (in
light seconds), which is an observable Keplerian parameter. It
depends on the orbital eccentricity and inclination, of which the
latter is more constraining.

In addition, there are significant contributions to the signal
propagation caused by frame dragging. A first-order analytic
equation for this effect can be found in Wex & Kopeikin (1999).
From this it is clear that the frame dragging can have a significant
contribution to the propagation delay, but in most cases will have
a distinct signature that can be fitted for, leading at the same
time to a precise mass measurement and a lower limit on the
spin parameter $ . Contributions from higher-order multipole
moments and light bending effects can easily be accounted for
in an analytic way (see, e.g., Kopeikin 1997).

The inclination of the pulsar orbit with respect to the line-of-
sight i (modulo a # " i ambiguity; see Figure 4) can be obtained
either directly from the Shapiro delay, as explained above, or
via Equation (8) by using the mass, MBH, derived from any
other PK parameter. Therefore, in Sections 4 and 5 where the
determination of spin and quadrupole is presented, we can treat
the inclination angle as a parameter that is known with sufficient
precision. A brief discussion on the #"i ambiguity can be found
in Section 4.1.

3.2. Simulations

The simulations performed in this paper mainly contain two
steps: creating TOAs and determining parameters together with
their measurement uncertainties. First, the TOAs are created
regularly with regard to solar system barycentric time and then
combined with the three time delays (Roemer, Einstein, and
Shapiro; see the above subsection) to account for the changes
in the signal arrival time due to the orbital motion of the
pulsar around Sgr A*. Next the simulated TOAs are passed
to the TEMPO software package. Based on a timing model,
TEMPO performs a least-squares fit to yield a phase-connected
solution of the TOAs and determines the model parameters. The
measurement uncertainties of these parameters are calculated
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Figure 3. Simulated fractional precision for the mass determination of Sgr A*
as a function of the orbital period Pb obtained from three different relativistic
effects: precession of the orbit ("̇), Einstein delay (%E), and Shapiro delay (!S).
The mass determinations are based on simulated data, assuming weekly TOAs
with an uncertainty of 100 µs over a time span of five years. We used an orbital
eccentricity e of 0.5 and an orbital inclination i, relevant for the Shapiro delay,
of 60%. The simulations were done for a non-rotating black hole. Note that for
various practical reasons (such as the uncertainty in the pulsar mass), a precision
below 10"7 seems unrealistic. Also, as explained in the text, for a rotating black
hole "̇ cannot be used directly for a high-precision mass determination due to
the large contribution of frame dragging.
(A color version of this figure is available in the online journal.)

via a covariance matrix. This is the standard procedure for
pulsar timing observations and is explained in great detail in
Taylor (1994), Lorimer & Kramer (2005), Hobbs et al. (2006),
and Edwards et al. (2006). Most of the timing models used in this
paper are part of the TEMPO standard implementation available
as a download from the sources given in these references.
Whenever we use an extension to these well-tested models, to
account for specific effects which are not covered by the standard
software, we will mention this explicitly in the corresponding
section.

In this subsection, we present the simulations for the mass
determination. For this we assumed five years of observations
with weekly TOAs which contain white Gaussian noise with a
standard deviation of 100 µs. Figure 3 shows the results of our
simulations for a typical system configuration. If this is not the
case then, as outlined above, "̇ cannot a priori be used for a high-
precision mass measurement due to an unknown contribution
from the frame dragging, as we will show later.

In practice, not just one single relativistic effect will be
used to determine the mass of Sgr A*, but a consistent model,
accounting simultaneously for frame dragging effects in the
orbital motion and the signal propagation, will be used to
determine the mass and spin at the best level. How the spin
of Sgr A* affects the timing observations and how it can be
extracted from the timing data are the subject of the next section.

4. FRAME DRAGGING, SPIN MEASUREMENT, AND
GR’s COSMIC CENSORSHIP CONJECTURE

Although there is clear indication that Sgr A* rotates, its
actual rate of rotation is still not well determined. Investiga-
tions of flares from accreting gas in the near-infrared and in
X-rays yield a range of $ & 0.22 to 0.99 (Genzel et al. 2003;
Aschenbach et al. 2004; Bélanger et al. 2006; Aschenbach
2010). The rather large range in the estimates of $ is also a
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Figure 4. Definition of angles in Sgr A* spin reference frame. The orientation
of the orbit with respect to the observer is given by the orbital inclination i
and the longitude of pericenter ! as measured from the ascending node in
the plane of the sky. The pulsar orbit with respect to the equatorial plane of the
rotating black hole is determined by the inclination " , the equatorial longitude
of the ascending node by $, and the equatorial longitude of pericenter by #.
The angle between the line of sight and the Sgr A* spin is denoted by #.

result of the uncertainty in the underlying model assumptions.
A pulsar, however, would provide a clean probe of the gravita-
tional field of Sgr A* and, in the absence of any major exter-
nal perturbations, give direct access to the dragging of inertial
frames in the vicinity of Sgr A*. In Wex & Kopeikin (1999),
it has been shown that in relativistic pulsar–black hole binaries
the (additional) precession of a pulsar orbit due to the frame
dragging caused by the spin of the black hole (Lense–Thirring
precession) is the most promising effect to determine the direc-
tion and magnitude of the black hole spin. This, in general, is
also the case for a pulsar in orbit about Sgr A*. The assumption
made in Wex & Kopeikin (1999), that the spin of the black hole
S is clearly smaller than the orbital angular momentum L, is no
longer valid here. The ratio of the spin of the black hole and the
angular orbital momentum is given by

SBH

L
= MBH

MPSR
$e % , (9)

where $e = $O/
!

1 " e2 and MPSR is the mass of the pulsar. For
a pulsar with an orbital period of less than one year SBH/L is
greater than 50,000 % . Thus, the total angular momentum J of
the system is completely dominated by the spin of Sgr A*, whose
direction will therefore practically coincide with the direction of
J, and can, for the considerations here, be viewed as a constant in
time. In this case, the orbital motion to post-Newtonian accuracy
including first-order spin terms can be taken from Appendix B
in Wex (1995). This is sufficient to simulate all the relevant
effects (see Königsdörffer & Gopakumar 2005 for higher-order
corrections) for a system free of external perturbations. It also
accounts for the fact that the precession is stronger near the
pericenter.

4.1. Spin Determination from the Timing Parameters

Averaging over one orbit, one obtains the rates of the secular
precession of the pulsar orbit caused by frame dragging (Barker

& O’Connell 1975a):11

$̇ = &LT

#̇ = "3 &LT cos "

!
&LT = 4&

Pb
$3

e % # &̂ % . (10)

The definitions of the angles $, #, and " are given in Figure 4.
The secular changes for the angles $ and # are linear in time.
As discussed in detail in Wex (1998) and Wex & Kopeikin
(1999), this linear-in-time evolution translates into a nonlinear-
in-time evolution of the observable angles that enter the timing
model for a pulsar, i.e., the longitude of pericenter ! and the
inclination of the orbit with respect to the line-of-sight i (as part
of the projected semimajor axis x). One finds12

ci = c"c# " s" s#c$ (11)

and

sin(! " #) = s# s$

si

, cos(! " #) = c# " c" ci

s" si

. (12)

Since the angles i, " , and # are in the range 0 to & , their sines
sX are non-negative and can be expressed as sX =!

1"c2
X. As

shown by Wex (1998), if the change in $ is small (less than a
few degrees) over the time span of the timing observations, the
most straightforward way to analyze the timing data is to fit for
the coefficients of the Taylor expansion of !(t) and x(t)

! = !0 + !̇0(t " t0) + 1
2 !̈0(t " t0)2 + · · · , (13)

x = x0 + ẋ0(t " t0) + 1
2 ẍ0(t " t0)2 + · · · , (14)

and to use the parameters !0, x0, and their time derivatives as
intermediate parameters to determine the angles " , #, $0, #0,
and the spin parameter % . For the configurations considered
in this paper it is sufficient to keep only terms up to second
order in t " t0. Nevertheless, we have extended TEMPO to
account for cubic terms in order to test their significance in
all our simulations. We would like to note in passing that
the coefficients of the cubic terms can be calculated from the
other coefficients based on basic geometric relations, and
therefore they would not add further information concerning
the orientation of the system and the spin magnitude.

From the derivatives of Equations (11) and (12) one finds
the relation between the time derivatives, the orientation of the
orbit at a given epoch, and the spin of Sgr A*. In practice,
the linear trend becomes visible in the timing data soon after
the start of the observation, allowing the measurement of ẋ0 and
the extraction of the Lense–Thirring contribution from !̇0. One
finds (for convenience we drop the index 0)

ẋ = " xs"2
i cis3&LT , (15)

!̇ " !̇M = s"2
i

"
(1 " 3s2

i )c" " cic#

#
&LT , (16)

where s3 # s" s#s$. Since at this point x, |ci |, and si are known
quantities, the measurement of ẋ determines the quantity |s3|% ,
which must not exceed unity since according to the CCC % ! 1

11 To estimate the measurability of the Lense–Thirring effect, it is sufficient to
use the averaged precession rate. In practice, the precession of the orbital plane
is more complicated as can be seen from the analytic solution given in
Appendix B of Wex (1995).
12 We define cX # cos X and sX # sin X.
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result of the uncertainty in the underlying model assumptions.
A pulsar, however, would provide a clean probe of the gravita-
tional field of Sgr A* and, in the absence of any major exter-
nal perturbations, give direct access to the dragging of inertial
frames in the vicinity of Sgr A*. In Wex & Kopeikin (1999),
it has been shown that in relativistic pulsar–black hole binaries
the (additional) precession of a pulsar orbit due to the frame
dragging caused by the spin of the black hole (Lense–Thirring
precession) is the most promising effect to determine the direc-
tion and magnitude of the black hole spin. This, in general, is
also the case for a pulsar in orbit about Sgr A*. The assumption
made in Wex & Kopeikin (1999), that the spin of the black hole
S is clearly smaller than the orbital angular momentum L, is no
longer valid here. The ratio of the spin of the black hole and the
angular orbital momentum is given by
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= MBH
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$e % , (9)

where $e = $O/
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1 " e2 and MPSR is the mass of the pulsar. For
a pulsar with an orbital period of less than one year SBH/L is
greater than 50,000 % . Thus, the total angular momentum J of
the system is completely dominated by the spin of Sgr A*, whose
direction will therefore practically coincide with the direction of
J, and can, for the considerations here, be viewed as a constant in
time. In this case, the orbital motion to post-Newtonian accuracy
including first-order spin terms can be taken from Appendix B
in Wex (1995). This is sufficient to simulate all the relevant
effects (see Königsdörffer & Gopakumar 2005 for higher-order
corrections) for a system free of external perturbations. It also
accounts for the fact that the precession is stronger near the
pericenter.

4.1. Spin Determination from the Timing Parameters

Averaging over one orbit, one obtains the rates of the secular
precession of the pulsar orbit caused by frame dragging (Barker
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The definitions of the angles $, #, and " are given in Figure 4.
The secular changes for the angles $ and # are linear in time.
As discussed in detail in Wex (1998) and Wex & Kopeikin
(1999), this linear-in-time evolution translates into a nonlinear-
in-time evolution of the observable angles that enter the timing
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Since the angles i, " , and # are in the range 0 to & , their sines
sX are non-negative and can be expressed as sX =!
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X. As

shown by Wex (1998), if the change in $ is small (less than a
few degrees) over the time span of the timing observations, the
most straightforward way to analyze the timing data is to fit for
the coefficients of the Taylor expansion of !(t) and x(t)
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2 !̈0(t " t0)2 + · · · , (13)

x = x0 + ẋ0(t " t0) + 1
2 ẍ0(t " t0)2 + · · · , (14)

and to use the parameters !0, x0, and their time derivatives as
intermediate parameters to determine the angles " , #, $0, #0,
and the spin parameter % . For the configurations considered
in this paper it is sufficient to keep only terms up to second
order in t " t0. Nevertheless, we have extended TEMPO to
account for cubic terms in order to test their significance in
all our simulations. We would like to note in passing that
the coefficients of the cubic terms can be calculated from the
other coefficients based on basic geometric relations, and
therefore they would not add further information concerning
the orientation of the system and the spin magnitude.

From the derivatives of Equations (11) and (12) one finds
the relation between the time derivatives, the orientation of the
orbit at a given epoch, and the spin of Sgr A*. In practice,
the linear trend becomes visible in the timing data soon after
the start of the observation, allowing the measurement of ẋ0 and
the extraction of the Lense–Thirring contribution from !̇0. One
finds (for convenience we drop the index 0)
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where s3 # s" s#s$. Since at this point x, |ci |, and si are known
quantities, the measurement of ẋ determines the quantity |s3|% ,
which must not exceed unity since according to the CCC % ! 1

11 To estimate the measurability of the Lense–Thirring effect, it is sufficient to
use the averaged precession rate. In practice, the precession of the orbital plane
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Figure 6. Same as Figure 5, but %0 = 105!, ! = 30!, and " = 75!.
The corresponding spin parameter, as calculated from Equation (23), is # =
1.0001 ± 0.0003 (95% CL).
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Figure 7. Parameters as in Figure 5, but # = 1.2 (naked Kerr singularity). The
dotted ellipse is the (outer) border of the region where, for the measured orbital
inclination and ẋ, the Kerr black holes are located, i.e., where # ! 1.
(A color version of this figure is available in the online journal.)

on the number density of the stars, this could significantly
affect the precession of the pulsar orbit. Nevertheless, since
we have three lines in the #!–#" plane that need to intersect, our
analysis will unveil the presence of any external perturbations.
In Figure 8, we present a #!–#" diagram based on timing
data that contain (besides the gravitational field of Sgr A*)
an external perturbation causing an additional precession of the
pericenter. For orbits with Pb ! 0.3 yr, even a small (compared
to the Lense–Thirring precession) external contribution to the
precession of the pericenter leads to a situation where the $̇, $̈,
and ẍ lines fail to intersect in one point within the measurement
precision. The same is true if there is an external contribution
to a change in the inclination of the orbital plane. Hence, if all
three lines intersect, we not only have a precise determination of
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Figure 8. Parameters as in Figure 5, but the precession of the pericenter has an
additional contribution from an external perturbation that amounts to 10% of
the Lense–Thirring contribution. For a better resolution only the first quadrant
of Figure 5 is plotted here.
(A color version of this figure is available in the online journal.)

the spin of the black hole, but also a test that this measurement
is not contaminated by external perturbations.

At this point, we would like to add a more detailed comment
on the discriminating power of the pulsar test concerning
external perturbations. In practice, the three-line test outlined
above is not simply based on the secular precession rates.
We emphasize that a consistent fit of the timing data, with
a model that includes the Lense–Thirring precession, needs
to incorporate the full dynamics of the orbital precession as
given by Appendix B in Wex (1995). The phase dependence
of the Lense–Thirring precession rate is a direct result of the
Coriolis-type force caused by the dipolar gravitomagnetic field
of the central rotating black hole. Hence, we can identify an
external perturbation based on this quasi-periodic effect, even
in a fine-tuned situation where the external mass distribution
manages to mimic a secular Lense–Thirring precession. In
fact, we have conducted simulations and found that the phase-
dependent precession rate leads to an effect that is typically four
orders of magnitude larger than the timing precision assumed in
our simulations. This is in line with the findings of Damour &
Deruelle (1986), who pointed out the strength of quasi-periodic
effects in tests of gravity.

5. QUADRUPOLE MEASUREMENT AND NO-HAIR
THEOREM TEST

The quadrupole moment of the black hole leads to an
additional secular precession of the pulsar orbit. This precession,
however, is much smaller than the Lense–Thirring precession
even for compact orbits (Pb " 0.1 yr). Further, it can be shown
that the secular terms of the precession cannot be separated from
the Lense–Thirring effect. For this reason, it has been argued
by Wex & Kopeikin (1999) that while the spin magnitude and
the orientation of the black hole are mainly determined by the
overall precession of the orbit, the quadrupole of the black hole
is mostly determined via its periodic influence on the motion
of the pulsar from one pericenter to the next. As will be shown
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precession of the pericenter leads to a situation where the $̇, $̈,
and ẍ lines fail to intersect in one point within the measurement
precision. The same is true if there is an external contribution
to a change in the inclination of the orbital plane. Hence, if all
three lines intersect, we not only have a precise determination of
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Figure 8. Parameters as in Figure 5, but the precession of the pericenter has an
additional contribution from an external perturbation that amounts to 10% of
the Lense–Thirring contribution. For a better resolution only the first quadrant
of Figure 5 is plotted here.
(A color version of this figure is available in the online journal.)

the spin of the black hole, but also a test that this measurement
is not contaminated by external perturbations.

At this point, we would like to add a more detailed comment
on the discriminating power of the pulsar test concerning
external perturbations. In practice, the three-line test outlined
above is not simply based on the secular precession rates.
We emphasize that a consistent fit of the timing data, with
a model that includes the Lense–Thirring precession, needs
to incorporate the full dynamics of the orbital precession as
given by Appendix B in Wex (1995). The phase dependence
of the Lense–Thirring precession rate is a direct result of the
Coriolis-type force caused by the dipolar gravitomagnetic field
of the central rotating black hole. Hence, we can identify an
external perturbation based on this quasi-periodic effect, even
in a fine-tuned situation where the external mass distribution
manages to mimic a secular Lense–Thirring precession. In
fact, we have conducted simulations and found that the phase-
dependent precession rate leads to an effect that is typically four
orders of magnitude larger than the timing precision assumed in
our simulations. This is in line with the findings of Damour &
Deruelle (1986), who pointed out the strength of quasi-periodic
effects in tests of gravity.

5. QUADRUPOLE MEASUREMENT AND NO-HAIR
THEOREM TEST

The quadrupole moment of the black hole leads to an
additional secular precession of the pulsar orbit. This precession,
however, is much smaller than the Lense–Thirring precession
even for compact orbits (Pb " 0.1 yr). Further, it can be shown
that the secular terms of the precession cannot be separated from
the Lense–Thirring effect. For this reason, it has been argued
by Wex & Kopeikin (1999) that while the spin magnitude and
the orientation of the black hole are mainly determined by the
overall precession of the orbit, the quadrupole of the black hole
is mostly determined via its periodic influence on the motion
of the pulsar from one pericenter to the next. As will be shown
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Figure 9. Residuals caused by the quadrupole moment of Sgr A* plotted for
two orbital phases. We have used the same orbital and black hole parameters as
in Figure 5.
(A color version of this figure is available in the online journal.)

in this section, these periodic features of the quadrupole can be
used to fit for the quadrupole moment of Sgr A*.

5.1. Extracting the Quadrupole from the Timing Data

The deviations in the motion of the pulsar caused by the
quadrupole moment lead to a variation in the Roemer delay,
which we describe by a change in the coordinate position of the
pulsar according to

r! = (r + !r (q))(n̂ + !n̂(q)) . (24)

The vector !n̂ is calculated from the changes in the angles

!! = ! + !!(q) , "! = ! + !"(q) , " ! = " + !" (q) , (25)

according to !n̂ = n̂!"n̂. To first order in # # "3Q/a2(1"e2)2,
the detailed equations for the !-quantities can be taken from
Garfinkel (1959), with slight modifications that account for the
dominating precession of the pericenter caused by the mass
monopole: the term (5y2 " 1) in the auxiliary constants m and
$ has to be replaced by 2%̇Pb/&#, where %̇ is the total advance
of the pericenter. Based on this, we have developed a timing
model that includes the contribution of the quadrupole moment
of Sgr A* to first order in #. Figure 9 illustrates the unique
periodic timing residuals caused by the quadrupole moment of
Sgr A*.

This periodic signal will not only allow the determination of
the quadrupole moment of Sgr A* with high precision, but also
provide a clear identification of the quadrupolar nature of the
gravitational field. Moreover, due to the large advance of the
pericenter the quadrupolar signal will change in a characteristic
way from one orbit to the next. This clearly helps to identify
any external “contamination” of the orbital motion of the pulsar,
and, as in the spin determination, provides high confidence in
the reliability of a no-hair theorem test with a pulsar around
Sgr A*.

5.2. Simulations

We have tested the procedure outlined above in a number
of mock data simulations for various orbital configurations.
Again following the procedures described in Section 3.2, we
assume weekly TOAs with a precision of 100 µs for a time span
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Figure 10. Measurement precision for the quadrupole moment of Sgr A* as a
function of orbital period for three different eccentricities, in the absence of any
external perturbations. We have used the same orbital and black hole parameters
as in Figure 5. For the timing, we assumed the same time span and characteristics
of TOAs as in Figure 5. This time, however, the TOAs were equally distributed
with respect to the true anomaly in order to account for the fact that timing needs
to be done more frequently around the pericenter to optimize the measurement
of the quadrupolar signal in the TOAs.
(A color version of this figure is available in the online journal.)

of five years. This time we extended our simulations and the
timing model used in Section 4.2 to account for the periodic
effects due to the quadrupole moment of Sgr A* described
in Equation (24). Our results are summarized in Figure 10.
Note that the precision of the spin determination is at least one
order of magnitude better than the determination of q. Hence,
the uncertainty in the q-measurement is the limiting factor for
the no-hair theorem test. As a conclusion of our simulations,
if the external perturbations are negligible, for orbits with
Pb ! 0.5 yr the no-hair theorem can be tested with high
precision. If we adopt the precessional rates from the stellar
perturbation calculated in Figure 2, we conclude that the test
can be achieved with high precision for orbits with Pb ! 0.1 yr.
This range can be extended if the characteristic quadrupolar
features remain separable in the presence of perturbations. This,
however, depends on the details of the external mass distribution,
which we will not investigate further in this paper.

6. DISCUSSION

In this paper we have developed a method to determine the
mass, the spin, and the quadrupole moment of Sgr A* using
a pulsar in a compact orbit around this supermassive black
hole. Our investigation is based on a consistent timing model
that includes all the relativistic and precessional effects that
can be used to extract these parameters of Sgr A*. Based on
simulated timing data for a pulsar in orbit around Sgr A*,
we have shown in a consistent covariance analysis that, even
with a moderate timing precision ($100 µs), one can expect
to be able to determine the mass, the spin, and the quadrupole
moment of Sgr A* with high precision, provided the orbital
period is well below one year. As a result of our simulations, for
a compact orbit (orbital period of a few months) one can expect
to measure the spin with a precision of 10"3 or even better.
We have shown how the method would allow the identification
of an object whose frame dragging exceeds that of an extreme
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