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At present time there are investigations of precession and nutation for very different celestial multi-layer 

bodies: the Earth, Moon, planets of Solar system and pulsar). The long-periodic precession phenomenon was 

detected for few pulsars: PSR B1828–11, PSR B1557-50, PSR 2217+47, PSR 0531+21, PSR B0833–45, 

PSR B1642–03. Stairs, Lyne & Shemar (2000) have found that the arrival-time residuals from PSR 

B1828−11 vary periodically with a different periods. According to our model, the neutron star has the rigid 

crust (RC), the fluid outer core (FOC) and the solid inner core (SIC). The model explains generation of four 

modes in the rotation of the pulsar: two modes of Chandler wobble (CW, ICW) and two modes connecting 

with free core nutation (FCN, FICN). We are propose the explanation for all harmonics of time-of-arrival 

(TOA) pulses variations as precession of a neutron star owing to differential rotation of RC, FOC and crystal 

SIC of the pulsar PSR B1828–11: 250, 500, 1000 days. We used canonical method for interpretation TOA 

variations by Chandler Wobble (CW) and Free Core Nutation (FCN) of pulsar.  

The two - layer model can explain occurrence twin additional fashions in rotation pole motion of a NS: CW 

and FCN. In the frame of the three-layer model we investigate the free rotation of dynamically-symmetrical 

PSR by Hamilton methods.  Correctly extending theory of SIC-FOC-RC differential rotation for neutron 

star, we investigated dependence CW, ICW, FCN and FICN periods from flatness of different layers of 

pulsar.  

Our investigation showed that interaction between rigid crust, RIC and LOC can be characterized by four 

modes of periodic variations of rotation pole: CW, retrograde Free Core Nutation (FCN), prograde Free 

Inner Core Nutation (FICN) and Inner Core Wobble (ICW). In the frame of the three-layer model we 

proposed the explanation for all pulse fluctuations by differential rotation crust, outer core and inner core of 

the neutron star and received estimations of dynamical flattening of the pulsar inner and outer cores, 

including the heat dissipation. We have offered the realistic model of the dynamical pulsar structure and two 

explanations of the feature of flattened of the crust, the outer core and the inner core of the pulsar. 
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Introduction 

Observation of pulsars is a powerful source of information for research of dynamics and the internal 

structure of neutron stars. It is known that innate feature of pulsar radiation is high stability of time-of-

arrival (TOA) of pulses, and therefore the analysis of the TOA fluctuations can be a reflection of subtle 

effects of neutron star dynamics. A small number of neutron stars also exhibit long-term cyclical, but not 

precisely oscillatory, variations in their spin (e.g. Sedrakian et al., 1999, Lyne et al., 2010; Espinoza et al., 

2011, Jones, 2012). At present time, exist several explanation of the glitch effect: 

 Tkachenko oscillations, where variations of pulsar emission can 

be due to peculiarities of the pulsar’s internal structure, such as restructuring 

of quantum vortices and Tkachenko modes (Tkachenko, 1966). Tkachenko 

modes are a consequence of the vibration of vortex lattices due to the 

periodic exchange of angular momentum between the superfluid region of a 

neutron star and its crust. The modes cause quasi-periodic variations with the 

fundamental period T0 = KP
0.5

PSR (where PPSR is the pulsar spin period, and K 

a constant that depends on the radius of the neutron star), which is ∼280 days 

for PSR B1557–50, ∼13 months for PSR B1828–11 (Ruderman, 1970), and 

4 and 20 months for PSR 0531+21 (Lyne, 1988). However, Tkachenko 

oscillations are not able to explain detection several oscillation modes, such 

as was detected for PSR B1828–11. 

 Gravitational perturbations due to exoplanets and asteroids orbiting the 

neutron star (Wolszczan, 1992). Gravitational perturbation of one or several planets rotation 

around neutron star causes and can be identified through additional modes in detected pulsar period 

fluctuations (TOA). For example, in 1992, Wolscszan and Frail (1992) interpreted the periodic 

variations of the TOA for the 6.2-ms pulsar PSR B1257+12 as due to the gravitational effect of three 

planets with masses of 3.1M⊕/sin i, 10.2M⊕/sin i, and 4.6M⊕/sin i, where i is the angle between line of 

sight and the orbital plane.  

 Precession of a neutron star due to differential rotation of the 

crust, liquid outer and inner core (Shaham, 1977) that causes 

deviation between angular-momentum vector of different layers. 

The precession of isolated pulsars can be used to study the 

coupling of the solid stellar crust to its inner regions. Initial 

formulation of free precession of a neutron star for 

axisymmetric and triaxial ellipsoid were proposed by 

Bisnovatyi-Kogan et al., 1989. An analytical solution for the 

observed variations of the period and phase for an 

axisymmetric pulsar were found in (Bisnovatyi-Kogan, 1993). 

Long-period precession was found for several pulsars: PSR 

B0833–45 (Vela, Deshpande et al., 1996), PSR 0531+21 (Crab, 

Shabanova et al., 2000), PSR B1642–03 (Cordes et al., 1985, Shabanova et 

al., 2001) and others. 

Estimates of oblateness. According to the observed TOA for PSR B1828–11, the angle between the 

pulsar spin axis and its angular-momentum vector is 0.3
◦
 (Stairs et al., 2000); for PSR B1642–03 it is 

0.3
◦
–0.5

◦
 (Shabanova et al., 2000). Despite on very precise measurements of the TOA variations, tha 

estimations of dynamical flattening is still very uncertain (10
-4

-10
-9

; Goldreich & Tremain, 1979,)and 

strongly depends from assumed EOS.   
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Interior structure of neutron stars 

 Relation of inertia principal moments of the pulsar * 

 Model of nuclear 

interaction 

Mass, 

M☼ 
Am/A tq, years 

 

Reid (R) 1,33 0,96 2100 

Bethe–Johnson 

(BJ) 
1,33 0,77 130 

Approximation 

of an average 

field (MF) 

1,33 0,66 25 

Tensor 

interaction (TI1) 
1,33 0,44 10 

 
Tensor 

interaction  (TI2) 
0,10 0,0 3 10

-3
 

(TI3) 0,29 0,0 0,16 

(TI4) 0,73 0,06 0,92 

(TI5) 1,08 0,29 3,9 

(TI1) 1,33 0,44 10 

(TI6) 1,85 0,70 71 

(TI7) 1,93 0,66** 600 

* – Shapiro, Teukolsky, 1983, 
** – model with solid core 

 

 

Models of the internal structure of a neutron star. 

  

Rigidity of 

state equition 

Mass 

We used data on the spin periods of PSR B1828–11 pulsar 

to study the dependence of the CW period and the FCN 

period on the degree of dynamical ellipticity of the crust and 

the core. We applied four models for the internal structure 

of the neutron stars (Table). All the models have similar 

pulsar masses near 1.33M,  but different equations of state 

(EOS) with different rigidities: Reid (R), Bethe–Johnson 

(BJ), middle-field (MF), and a model with a tensor-

interaction equation (T11). For the four models for the 

super-dense neutron-star matter described by the tensor-

interaction equation, we consider different neutron-star 

masses from 0.73M to 1.85M (models TI2, TI3, TI1, TI4). 

We used the ratio of the moments of inertia of the neutron 

star as a whole and of its liquid core as a function of the 

mass and EOS. Using the observed periodic variations of the 

PAT for PSR B1828–11 (250 and 167 day), we used (12) 

and (13) to estimate the dynamical ellipticity of the crust, ε 

∼ (11–264) × 10
−10

, and of the core, εc ∼ (7.5–176) × 10
−10

, 

for seven models of the neutron star. These estimates of the 

dynamical ellipticity of the crust and core of PSR B1828–11 

based on the observed variations are compared in Fig. 6. 

The ellipticity increases with increasing rigidity of the EOS.  
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Theory of multi-layer dynamics 

The Chandler Wobble (Lambeck, 1980) and Free Core Nutation (Van Hoolst, 2000) are characteristic 

variations in the rotation of the inner planets of the solar system, with their solid mantles and liquid elliptical 

cores. This approach was successfully implemented to estimations of spin variations for the Solar system 

planets and the Moon are confined to the range from 210 days to 1000 yrs (Gusev et al., 2008, Petrova et al, 

2009).  

Dynamics of the multi-layer body can be described in the canonical Andoyer variables, then the kinetic 

energy will be (Petrova et al, 2009) 

 

where Acr, Bcr,and Ccr are the principal moments of inertia of the crust. Thus equations of rotation for the 

Hamiltonian are (Getino, 1995): 

 

 

 
For the polar motion the solutions for the core rotation and the relative rotation of the crust  

ω ∼ sin(λCWt +FCW), ∆ω ∼sin(λFCNt +FFCN), and for the period of free rotation of the whole body and the 

core.  

 

 
The Andoyer planes (Fig.) are orthogonal to the angular momenta of the pulsar as a whole L and of its core 

Lc. To describe the kinetic energy, we will use the canonical Andoyer variables λ, µ, ν, Λ, M and N for the 

pulsar and λc, µc, νc, Λc, Mc and Nc for its core. The Oxyz reference frame is associated with the principal 

moment of inertia of the pulsar and rotates with angular velocity ω with respect to an body reference frame, 

while the Oxcyczc reference frame associated with the core rotates with angular velocity ∆ω with respect to 

the core (Gusev & Petrova 2006, 2008, Petrova et al, 2009). 

 

Coordinate frame for the Andoyer variables. 
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Multi-layer dynamics approach to spin variation of  
a neutron star 

By analogy with the concepts of the CW and FCN of the Earth, Mars, and the 

Moon, we consider the CW and FCN of a dynamically symmetric pulsar to 

be the motion of its spin axis about its dynamical axis, defined by the 

principal moment of inertia. This oscillation occurs along the direction of the 

stellar rotation axis, and arises due to misalignment of the neutron star’s spin 

axis and its dynamical axes (eigenvectors of the pulsar moment of inertia 

tensor). Free nutation of the liquid core of the pulsar describes the differential 

rotation of the fluid core relative to the solid crust of the pulsar when their 

spin axes are misaligned. This variation mode can occur in the presence of a 

liquid core only. We investigate the pulsar rotation by considering a two-

layer model with a solid crust and a liquid core. In this model, two additional 

modes in the motion of the spin axis of the pulsar appear: CW and FCN 

Kitiashvili & Gusev, 2008). In the two-layer model of a neutron star with a 

high angular velocity, the oblateness of the pulsar is:  

α = (C – B)/A, αc = (Cc − Bc)/Ac, β = (C – A)/B, βc = (Cc – Ac)/Bc, γ = (B – A)/C, γc = (Bc – Ac)/Cc 

where  A, B, C, Ac, Bc and Cc are the principal moments of inertia of a pulsar as a whole and of its core, 

respectively.  

In assumption of dynamically symmetric properties of a pulsar   with a liquid core 

and solid crust for various equations of state of the neutron-star matter and masses NS (Table 3). We 

interpret the observed variations of the TOA as Chandler wobble and Free Core Nutation (Kitiashvili & 

Gusev, 2008). The dependence of the Chandler-wobble period on the ratio of the principal moments of 

inertia of the pulsar and its dynamical ellipticity have simple formulation  as  

A

A

e

P
P crrot

CW 
 

Free nutation of the pulsar core is periodic and occurs against the background of the monotonic deceleration 

of the neutron-star rotation. The period of the FCN is a function of the ratio of the moments of inertia of the 

core and of the pulsar as a whole, and of the dynamical flattenning of the pulsar: 

A

A

e

P
P cr

f

rot
FCN 

 
 

TOA variations, 
days 

e, 10–10 

RD BJ MF TI1 TI2 TI3 TI4 

PCW 167 11,2 64,6 95,4 157 264 199 84,2 

PFCN 250 7,50 43,1 63,8 105 176 133 56,3 

Table 3. Example of estimation dynamical flattening of the rigid crust and liquid core for PSR B1828–11 

Nutation (Kitiashvili & Gusev, 2008) for different EOS models (Table 1). 

 

 

Two-layer model of a 

neutron star 
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Chandler Wobble and Free Core Nutation of pulsar with 
post-glitch dissipations 

As the rotating neutron star gradually slows down and becomes less deformed, the rigid component is 

strained and eventually cracks/quakes and changes its structure towards being more spherical. The moment 

of inertia of the rigid component, Icr, decreases abruptly and its rotation and pulsar frequency increases due 

to angular momentum conservation resulting in a glitch (Δ /  ~ 10
-9

 - 10
−6

). The glitches observed in the 

Crab, Vela, and other pulsars (Espinoza et al., 2011). The timescales of these glitches range from a few 

minutes to a few hours (jump time). The amount of rotational energy release during glitch up to ~10
43

egr.  

Glitch’s data and relaxation rate can give initial estimation of dissipation. According to Link and Epstein 

(1996) the energy release of particular glitches are Qglitch = 2.1 x 10
42

 erg for Crab and Qglitch = 1.51 x 10
42

 

erg for Vela pulsars in the frame of the thermal glitch mechanism (Link et al., 1996). The relaxation time of 

these glitches was accepted few  fraction of a second and few month for Crab and Vela pulsar respectively. 

(Link et al., 1996; Andesson, 2007). Then, viscose damping at the core-crust boundary for Chandler 

Wobble can be estimated as Rdiss = Qglitch x τdiss (Getino, 2001). Therefore, estimations of Rdiss correspond 

range of 210
43 

– 3.210
44

 ergsec.  

In case of Free Core Nutation, the viscose damping at the vortex superliquid core and Rdiss are in the range 

from 110
37

– 510
38 

ergsec. The dependence of the Chandler Wobble and Free Core Nutation periods on 

the ratio of the principal moments of inertia of the pulsar A, Acr , Ac,  its dynamical flattening e, ec and 

dissipation parameter Rdiss  are presented (Gonzales, Getino, 1997) 













 




f

rotdiss
c

c

crrot
CW

A

PR
e

A

AA

A

e

P
P

1

1

    

)1(

1

c

diss

c

rot

f

c

rot
FCN

A

R

e

PA

A

e

P
P





 

We performed the following simulations according these formulas for various values of parameters A, Acr , 

Ac, e, ec, Rdiss. They show the reaction of the CW and FCN periods to a change in various parameters, such 

as ellipticity, ration of momentum of inertia and dissipation factor. Influence of internal dissipation effects 

on CW and FCN periods is estimated approximately in a range of 5 - 10%.  

For estimation dynamical flattening we take into account dissipation the liquid core and core-crust 

boundary. Tables illustrate list of cases for Vela and Crab pulsars for different dissipation level and 

estimations for momentum of inertia: 

Crab (A=1.93 x1045 g cm2) 

 Model: A0 A1 A2 B0 

Ac/A 0.72 0.72 0.72 1 

Rdiss 3.1 x 10
44

 2 x 10
43

 4 x 10
44

 3.1 x 10
44

 

Rdiss (core) 3.1 x 10
38

 10
37

 5 x 10
38

 3.1 x 10
38

 

 

Vela (A=5.87 x1045 g cm2) 

 Model: A0 A1 A2 B0 (A = 4.59x 10
45

) 

Ac/A 0.12 0.12 0.12 1.6 

Rdiss 1.2 x 10
44

 2 x 10
43

 4 x 10
44

 3.1 x 10
44

 

Rdiss (core) 1.2 x 10
38

 10
37

 5 x 10
38

 3.1 x 10
38
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Crab pulsar                                                Vela pulsar 

 

Crab pulsar                                                Vela pulsar 

  
 

Conclusions 

We have presented a brief review of previous observational and theoretical papers on pulsar-spin variations, 

and described the observed spin variations for seven pulsars and discussed their possible origin. We have 

applied a Hamiltonian approach to describing the differential rotation of celestial bodies to study the 

evolution of the rotation of a two-layer dynamically symmetric neutron star. This has enabled us, for the first 

time, to derive theoretically the periods of two variation modes of the pulsar rotation “Chandler wobble” and 

“Free Core Nutation” of the pulsar core which are consistent with the observational data for PSR B1821–11. 

We derived formulas for dependence of the periods of the CW and FCN on the dynamical and physical 

parameters in models for the super-dense matter of the neutron star. For all seven pulsars, we considered the 

dependence of the CW and FCN periods on the dynamical ellipticity e and on the parameter of dissipation 

Rdiss of the pulsar’s crust and core. Our analysis of these modeling results shows the following regularities.  

1) The dynamical ellipticity of the pulsar crust and core decrease monotonically with increase in the 

Chandler-wobble and FCN periods.  

2) The dynamical ellipticity of the solid crust and liquid core increase in the transition from soft to more 

rigid equations of state for the super-dense matter. For PSR B0833-45, ε changes from ∼2.5 × 10
−10

  to 

35 × 10
−10

, while εc varies from ∼1.3 × 10
−10

 to 17 × 10
−10

.  

3) The dynamical ellipticity of the solid crust of the pulsar and the periods of the Chandler wobble and 

FCN increase monotonically with increasing mass of the neutron star. 

4) Influence of internal dissipation effects on CW and FCN periods of Crab and Vela pulsars is estimated 

approximately in a range of 5-10 %   for various values of dissipation parameter Rdiss. 
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