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We present evidence for chaotic dynamics within the spin-down 

rates of 17 pulsars originally presented by Lyne et al. Using 

techniques that allow us to re-sample the original measurements 

without losing structural information, we have searched for 

evidence of a strange attractor in the time series of frequency 

derivatives for each of the 17 pulsars. We demonstrate the 

e!ectiveness of our methods by applying them to a component of 

the Lorenz and Rossler attractors that were sampled with similar 

cadence to the pulsar time series. Our measurements of 

correlation dimension and Lyapunov exponent show that the 

underlying behaviour appears to be driven by a strange attractor 

with approximately three governing non-linear di!erential 

equations. This is particularly apparent in the case of PSR 

B1828!11 where a correlation dimension of 2.06 ± 0.03 and a 

Lyapunov exponent of (4.0 ± 0.3) " 10-4 inverse days were 

measured. These results provide an additional diagnostic for 

testing future models of this behaviour.  
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(Left) shows the Lorenz attractor projected on the x-y plane. (Right) shows the 

reconstructed attractor solely from the x component with ! = 0.1345.  

We are able to reconstruct the attractor form a single component, by forming 

vector set where each element differs by a time delay, #.   

Here m is the number of elements and is called the embedding dimension. 

Mind the Gap 

Turning Point Analysis 

Attractor Reconstruction  

Correlation Dimension 

Measuring ‘the Butterfly Effect’ 

Because of the large time scales, the data sets are not evenly sampled. 
Therefore, we extract and normalize the longest section, seen on the (Right), 
from the (Left) who’s spacing is less than 3 times mode spacing. The vertical 
lines in (Left) marks these larger gaps. This gives us the longest series that is 
closest to being evenly sampled.     

Cubic Splining / Fourier Transform 

Chaotic systems are highly sensitive to initial conditions. (Left) shows the x 

component versus time for two different scenarios of the Lorenz equations whose 
initial conditions di!ered only by 10!3 in x. (Right) shows the di!erence between 

the two scenarios in the (Left) versus time. This exponential divergence, $%$oe
&t, 

only occurs in chaotic systems. The & is known as the Lyapunov exponent.   

Examples of known chaotic strange attractors. They are formed by the 

corresponding set of dynamic equations and have fractal structures. (Left) The 
Lorenz attractor with ' = 10, ( = 28, ) = 8/3. (Right) The Rössler attractor with a 

= 0.2, b = 0.2, c = 5.7.  

CHAOTIC BEHAVIOURS 

NON-LINEAR TECHNIQUES 

Turing point analysis is done to ensure that the 

extracted series is not random.  

•!Three random values will have the 

relationship, u1<u2<u3.  

•!These can be rearranged into 6 

different combinations where 4 will 

produce a turning point. (See figure) 

•! An interior point has 2/3 probability 

of being a turn point. 

•!With a random series of size n we 

should expect the number of turning 

points to be 

with a variance of  

When a series is confirmed to be non-random, a cubic spline interpolation is used 

to form a new evenly sampled series with same structure as the original. A 
Fourier transform is conducted on this new series and is then pass through a low 

pass filter. The remaining frequencies are then reverse transformed to create a 
time function. This function is sampled to where 5000 data points are used to 

recreate the signal with a portion noise removed.    

The number of data points within a test 

radius is proportional to the radius 
raised to the dimension of geometry.  

When Nx(R) is averaged over the whole 

object this know as the correlation 
sum, C(R). Therefore when ln(C) is 

plotted to ln(R), a line should appear. 

The slope of this line is know as the 
correlation dimension. 

B1828-11 B1826-17 

B1642-03 B1540-06 

Pulsar Strange Attractors 

After using attractor reconstruction with an embedding dimension of 3, a similar 

topology appears among the best-sampled pulsars. This seems to suggest that 
these pulsars have the same governing equations but with different parameters.  

Correlation Dimension Results 

•!If a topology is a true geometric 

shapes, the correlation dimension will 
not change when the embedding 

dimension, m, is increased. 
•!This is seen in B1828-11, the 

curve with small error bars. 

•!An average correlat ion 
dimension of 2.06 ± 0.03 

suggest that it is governed 
by 3 variables.   

•!A random series will have the same 
dimension as m, because it is able to 

fill the whole space. 
•!The 45° line. 

•!10 data sets with the same mean, 
variance, and Fourier power spec., 

which are known as surrogate data, 
are created to compare the results. 

•!The curve with the larger error 

bars. 

Strange Attractors 

The Butterfly Effect 

•!‘The Butterfly Effect’ can be seen, by 

first tracking the average size of all the 
neighborhoods over time.  

•!The mean natural logarithm of 
this average over different t0 is 

S(!t). 

•!A neighborhood is a set of 
data points that were within a 

test radius, *, at t0. 
•!If the system is chaotic a linear 

region should appear when S($t) 

is ploted against $t. 
•!The s lope w i l l be the 

Lyapunov exponent, and will 
be i ndependen t o f t he 

embedding dimension, if truly 

chaotic.   

S("t) vs "t for the Rössler attractor with the 

same cadence as B1828-11. The vertical 

lines mark the linear region. Each curve is 

for a different embedding dimension from 

2-10 starting at the lowest curve. 

‘Butterfly Effect’ Results 

(Left) shows S($t) vs $t for the B1828-11 attractor. The vertical lines mark a 

linear region that does not deviate across embedding dimensions. This 
corresponds to a Lyapunov exponent of (4.0 ± 0.3) " 10-4 inverse days. (Right) 

is the S($t) vs $t for a surrogate data set of B1828-11, where no such linear 
region exist. This further suggesting that these variation are caused by a 

chaotic system.   

Turning Point Results 

The 17 pulsars listed in order of their distance away from 

µT. Here T is the total number of turning points in the 
extracted series. n is the total number of data points in that 

series. The lower line marks a five standard deviation 
threshold. Here it is easy to see that pulsar B1828-11 is by 

far the best sampled series.   

Variation in spin-down rate of 17 pulsars over 20 yrs presented 

in (Lyne A., Hobbs G., Kramer M., Stairs I., Stappers B., 2010, 
Science, 329, 408). There they were able to relate these 

variation to changes in the pulse shape. These time series are 
ideal for non-linear studies because they directly relate to the 

dynamics of a pulsar.  
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ABSTRACT
We present evidence for chaotic dynamics within the spin-down rates of 17 pulsars
originally presented by Lyne et al. Using techniques that allow us to re-sample the
original measurements without losing structural information, we have searched for ev-
idence of a strange attractor in the time series of frequency derivatives for each of
the 17 pulsars. We demonstrate the e!ectiveness of our methods by applying them
to a component of the Lorenz and Rössler attractors that were sampled with similar
cadence to the pulsar time series. Our measurements of correlation dimension and Lya-
punov exponent show that the underlying behaviour appears to be driven by a strange
attractor with approximately three governing non-linear di!erential equations. This
is particularly apparent in the case of PSR B1828!11 where a correlation dimension
of 2.06± 0.03 and a Lyapunov exponent of (4.0± 0.3)" 10!4 inverse days were mea-
sured. These results provide an additional diagnostic for testing future models of this
behaviour.

Key words: chaos ! methods: data analysis ! stars: kinematics and dynamics !
stars: rotation ! pulsars: general ! pulsars: individual: B1828!11

1 INTRODUCTION

Pulsars are spinning neutron stars whose emission is thought
to be driven by their magnetic fields (see, e.g., Manchester &
Taylor 1977). Their dynamics exhibit a wide ranging degree
of stability, with the fastest spinning and oldest ‘millisec-
ond pulsars’ generally being the most predictable. Petit &
Tavella (1996) showed that these millisecond pulsars can be
as stable as atomic clocks on large time-scales.

Because pulsars are so stable, it is surprising when
we see them misbehave. Departure from normal behaviour,
characterized by steady emission and rotation, can occur in
a variety of ways. Some pulsars have nulling events, where
the emission seems to turn o! for a while and then suddenly
turn back on (Backer 1970). Even more extreme behaviour
can be seen in the intermittent pulsar B1931+24, which be-
haves like a normal pulsar for five to ten days, then is un-
detectable for about 25 days (Kramer et al. 2006). Recently
even longer-term intermittency (spanning hundreds of days)
has been reported in two other pulsars (Camilo et al. 2012,
Lorimer et. al. 2012 in prep.). Finally, another related class
of pulsars known as Rotating Radio Transients (RRATs)
seem to sporadically turn their emission on and o! on a
wide range of time-scales.

It is even more shocking when we see changes in the
dynamics of a pulsar. Though pulsars are expected to grad-

! E-mail: aseymour@mix.wvu.edu

ually spin-down over time, due to an energy loss from mag-
netic braking (Gold 1969), other changes in the dynamics
are highly unexpected. These fluctuations often give us in-
sight to the interior and the environment of a pulsar. One
such phenomenon, known as a ‘glitch’, is a sudden discrete
increase in rotation that has been attributed to superfluid
vortices within the interior of the pulsar (Anderson & Itoh
1975).

Since the dynamical fluctuations in pulsars were unex-
pected, a bulk of the irregularities were considered to be
‘timing noise’ (Hobbs et al. 2006). When these irregulari-
ties were observed over a 20 yr time span, large time-scale
fluctuations in the spin-down rate became clear. Lyne et al.
(2010) describe the irregularities as ‘quasi-periodic’ and were
able to relate them to the pulse shape. There have been sev-
eral di!erent processes proposed for these fluctuations from
precession (Jones 2012) to non-radial modes (Rosen et al.
2011). Yet, the mechanisms that govern these fluctuations
and their connection to the pulse shape is still a mystery.
Quasi-periodicities are often a sign of a non-linear chaotic
system. Previous chaotic studies on pulsars (Harding et al.
1990; Delaney & Weatherall 1998; DeLaney & Weatherall
1999) focused on emission abnormalities and timing noise
for particular pulsars.

In this paper we search for chaotic behaviour within
the spin-down rate of 17 pulsars presented by Lyne et al.
(2010). In Section 2 we give a brief introduction to chaotic
systems and their behaviours. In Section 3 we present tech-
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Figure 1. (a) The x component of the Lorenz equations whose
initial conditions di!ered by 10!3 in x. (b) The di!erence be-
tween the two scenarios in (a) over time. An overall increasing
exponential trend can be seen.

niques to form an evenly sampled time series with the same
structural information as an unevenly measured series. In
Section 4 we demonstrate methods to search for di!erent
chaotic characteristics within a time series, and test our al-
gorithm with known chaotic systems. In Section 5 we discuss
our results and their implications. The techniques presented
here are very general and can be used on almost any time
series. Therefore, we have written this paper explicitly in
the hope that these techniques will be more approachable,
and that they will be used more frequently within the pulsar
community.

2 CHAOTIC BEHAVIOUR

In everyday conversation, the word chaos is often inter-
changeable with randomness, but in dynamical studies these
are two distinct ideas. Chaos is continuous and determinis-
tic with underlying governing equations, while randomness
is more complex and uncorrelated; values at an earlier time
have no e!ect on the values at a later time.

One of the characteristics of chaos has been colourfully
described by Edward Lorenz (1993) as the ‘butterfly e!ect’.
Lorenz asks, ‘Does the flap of a butterfly’s wings in Brazil set
o! a tornado in Texas?’ This is used to illustrate an insta-
bility, where a system is highly sensitive to initial conditions.
The consequence is that if there is a small displacement in
the initial conditions, the di!erence between the two scenar-
ios will grow exponentially to cause significant changes at a
later time. This instability does not arise in linear dynamics
and is a chaotic phenomenon in non-linear systems (Scargle
1992). We will utilize this chaotic trait in Section 4.3.

An example of this behaviour is shown in Fig. 1 for the
Lorenz system of equations:

ẋ = !(y ! x)
ẏ = x("! z)! y
ż = xy ! #z.

(1)

Here !, ", and # are positive parameters. Lorenz (1963)
derived this system from a simplified model of convection
rolls in the atmosphere. In the original derivation ! is the
Prandtl number, " the Rayleigh number and # has no proper
name but relates to the height of the fluid layer. As for
the governing variables, x is proportional to the intensity of
the convective motion, y is proportional to the temperature
di!erence of the acceding and descending currents, and z
is proportional to the distortion of the vertical temperature

profile from linearity (Lorenz 1963). Since then, the Lorenz
equations have appeared in a wide range of physical systems.

It is important to note that there are no analytical so-
lutions to most non-linear equations. Often to produce a
solution, as used in Fig. 2, the system is marched forward
with small enough time steps that enable linear relationships
to be used to simulate a function. We can see from the gov-
erning equations that any function that is produced will be
highly dependent on the other variables. When these time
functions are plotted with respect to each other, as seen in
Fig. 2(a), they trace out a rather odd surface.

The Lorenz equations are not the only system in which
this occurs. Rössler (1976) was in search of a simpler set of
equations with similar chaotic behaviour to the Lorenz at-
tractor. He came up with with the following three equations
with only one non-linear term zx:

ẋ = !y ! x
ẏ = x+ ay
ż = b! z(x! c).

(2)

Here a, b, and c are parameters. Again, plotting the variables
against each other produces a di!erent bizarre surface, seen
in Fig. 2(b). Though the Rössler equations started solely
as a mathematical construct, analogous behaviour has been
seen in chemical reactions (Argoul et al. 1987).

The complex shapes that the dynamics form are known
as ‘strange attractors’. They are called ‘attractors’ because,
regardless of the initial conditions, the functions will con-
verge to a path along these surfaces. They are ‘strange’ be-
cause they are fractal in nature. The dimension of the at-
tractor will be a non-integer that is less than the number of
equations. We will discuss this more in Section 4.2.

The convergent path along the attractor is controlled by
the parameters in the governing equations. When a control
parameter is slowly increased, the system exhibits a series of
behaviours (Scargle 1992). This series is known as the ‘route
to chaos’. The behaviours usually unfold as: constant " pe-
riodic " period two " . . . chaos (Olsen & Degn 1985), as
demonstrated in Fig. 3, where period two is a repeating path
that travels twice around the attractor. As the parameter is
increased, this behaviour continues to where the path cycles
three, four, or more times to return to the same location,
until it suddenly becomes chaotic, where the path will never
repeat.

3 LINEAR ANALYSIS

We wish to search for chaotic and non-linear behaviour in
the spin-down rate presented in fig. 2 of Lyne et al. (2010).
There they isolated a subset of 17 pulsars with prominent
variations in their frequency derivatives. These time series
are ideal for non-linear studies because they directly relate
to the dynamics of a pulsar. Before non-linear analysis can
be done, we need to compensate for some their limitations.

3.1 Mind the gap

When dealing with large time-scales, such as those encoun-
tered in astronomy, it is not always feasible to record data
at regular intervals. This produces a times series that spo-
radically samples a continuous phenomenon. When the time
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